Abstract. We realize an extended version of the trigonometric Cherednik algebra as affine Dunkl operators involving Heaviside functions. We use the quadratic Casimir element of the extended trigonometric Cherednik algebra to define an explicit nonstationary Schrödinger equation with delta-potential. We use coordinate Bethe ansatz methods to construct solutions of the nonstationary Schrödinger equation in terms of generalized Bethe wave functions. It is shown that the generalized Bethe wave functions satisfy affine difference Knizhnik-Zamolodchikov equations as functions of in the momenta. The relation to the vector valued root system analogs of the quantum Bose gas on the circle with delta-function interactions is indicated.
Introduction
The one dimensional quantum Bose gas with pairwise delta-function interactions [29] is among the first nontrivial quantum integrable systems that were successfully analyzed using the coordinate Bethe ansatz [29, 39, 40] . On the circle the coordinate Bethe ansatz leads to Bethe wave functions, given as explicit plane wave expansions with momenta subject to Bethe ansatz equations, which solve the associated stationary Schrödinger equation. In this paper we will construct Bethe wave type functions solving nonstationary extensions of Schrödinger equations associated to vector valued, root system analogs of the quantum Bose gas on the circle with pairwise delta-function interactions. We will show that the role of the Bethe ansatz equations is taken over by difference analogs of Knizhnik-Zamolodchikov equations.
It is well known that the quantum inverse scattering method can be applied to the one dimensional quantum Bose gas with pairwise delta-function interactions (see [28] and references therein). The key point is the fact that the pertinent quantum Bose gas arises as particle sector of the integrable quantum field theory in 1 + 1 dimensions governed by the nonlinear Schrödinger equation. The resulting possibility to create and annihilate quantum particles in the quantum Bose gas has in particular led to the explicit evaluation of the norms of the Bethe wave functions (see [27, 28] ) in terms of the Hessian of the Yang-Yang action [40] .
Quantum Calogero-Moser systems [33, 2] , which can be defined for any root system, form an important class of one dimensional integrable quantum many body systems with pairwise interactions of rational, trigonometric, hyperbolic or elliptic type. The quantum trigonometric Calogero-Moser systems are naturally related to harmonic analysis on symmetric spaces [24] . Substantial progress has been made over the past decades in solving quantum Calogero-Moser systems, with main tool the explicit realization of (degenerate) Hecke algebra symmetries in terms of Dunkl type differential-reflection operators (see, e.g., [8, 22, 35, 7, 5, 2] ). These systems do not arise though as particle sectors in particular integrable quantum field theories, hence the application of quantum inverse scattering techniques to such systems is limited. In particular there is no analog of particle creation and annihilation, which for instance explains the completely different techniques in deriving norm formulas; it is based on shift operators or intertwiners in the Hecke algebra context (see, e.g., [34, 7, 36] ) and on quantum particle creation/annihilation in the quantum inverse scattering context [27] .
The one dimensional quantum Bose gas with pairwise delta-function interactions, which is completely accessible to quantum inverse scattering techniques, can also be naturally viewed as member of the family of integrable quantum Calogero-Moser type systems. Firstly, the one dimensional quantum Bose gas with pairwise delta-function interactions has natural root system generalizations, going back to Gaudin, Gutkin and Sutherland [18, 21, 20] . For classical root systems it corresponds to imposing integrable reflecting boundary conditions on the quantum particles on the line. Secondly, Dunkl type operators and integral-reflection operators have been associated to the one dimensional quantum Bose gas with delta-function interactions and their root system generalizations, which opens the way to apply the Hecke algebra techniques (see, e.g., [20, 37, 23, 12, 13] ).
The quantum Bose gas with pairwise delta-function interactions thus is accessible for an unusually large variety of techniques from integrable systems and representation theory. This feature places the one dimensional quantum Bose gas with delta-function interactions center stage of various new developments in mathematical physics and representation theory (see, e.g., [23] and [19] for two striking examples) and leads to the intriguing question how the quantum inverse scattering method and the Hecke algebra method can be united. For instance, conjectures [9] have been put forward extending Korepin's [27] norm formulas to Bethe wave functions of the root system analogs of the quantum Bose gas with pairwise delta-function interactions on the circle. Since Korepin's arguments are no longer applicable in the context of arbitrary root systems by the loss of quantum particle creation and annihilation techniques, it seems to require now Hecke algebra techniques instead to properly understand such norm formulas.
This formed an important motivation for the research leading up to the present work. Our starting point is the observation from [13] that the root system analogs of the quantum Bose gas on the circle with pairwise delta-function interactions arise from a representation of the trigonometric Cherednik algebra at critical level in terms of Dunkl type operators.
This suggests the possibility to analyze the corresponding Bethe wave functions and norm formulas as limits of Bethe wave type functions associated to arbitrary level. Such an approach has been taken in recent years to successfully analyze the Bethe vectors for Gaudin models and their norms as critical level limit of integral solutions to KnizhnikZamolodchikov equations, see [31] and references therein, which in turn has interesting connections to the geometric Langlands correspondence [14] .
Another important background for the current paper is the study of Knizhnik-Zamolodchikov-Bernard (KZB) heat equations, cf., e.g., cf. [1, 10, 15] . Correlation functions on the torus satisfy, besides KZB equations, the KZB heat equation. For one-point correlation functions the KZB heat equation is the only equation that remains. In that case it is natural to view the KZB heat equation as a nonstationary Schrödinger equation involving the modular parameter as time variable. At critical level it reduces to the quantum Hamiltonian of a vector valued version of the quantum elliptic Calogero-Moser-Sutherland model (see [10, §4] and [15] ). Special solutions are the so called affine Jack polynomials; they can be defined algebraically [11, §6] or be expressed [11, Thm. 7.6 ] in terms of one-point correlation functions. Cherednik [5, Thm. 4.3] has derived such nonstationary Schrödinger equations using the action of the trigonometric Cherednik algebra by infinite trigonometric Dunkl operators. q-Extensions of various of these results have been obtained, see, e.g., [11, §11] , [16, 17] and [6] .
Let us describe now the results presented in this paper. In [12, 13] a suitable realization of the trigonometric Cherednik algebra at critical level in terms of affine Dunkl operators involving Heaviside functions enters the study of vector valued root system analogs of the quantum Bose gas on the circle with pairwise delta-function interactions (Dunkl type operators involving Heaviside functions appeared before in [37, 32, 26] ). Following the idea of Cherednik [5] , we generalize this realization to an extended version of the trigonometric Cherednik algebra at arbitrary level. It contains a quadratic Casimir element which we show to produce an explicit nonstationary Schrödinger equation involving delta-potentials (see Proposition 4.2).
We construct solutions of this nonstationary Schrödinger equation using an affine version of the coordinate Bethe ansatz. The associated generalized Bethe wave functions are defined in terms of an explicit cocycle of the extended affine Weyl group, which is obtained from the normalized intertwiners of the trigonometric Cherednik algebra.
We show that the generalized Bethe wave function satisfies a consistent system of equations as function of the momenta. These equations are expected to be degenerations of Cherednik's [6] affine difference-elliptic quantum Knizhnik-Zamolodchikov equations. These equations replace the requirement for the Bethe wave function of the (vector valued) root system version of the quantum Bose gas on the circle with pairwise delta-function interactions that the momenta satisfy Bethe ansatz type equations (see [12, Thm. 2.6] and [13, Thm. 5.10] ).
With suitable restrictions on the momenta (see (3.11) for the explicit requirements) we show that the Bethe wave functions for the vector valued root system analog of the quantum Bose gas on the line (see [23] ) are limits of the generalized Bethe wave functions. The limit to critical level is more subtle. We will only make some preliminary comments on it in this paper. A thorough understanding of this limit is expected to lead to new insights on the root system analogs of the quantum Bose gas on the circle with pairwise delta-function potentials, for instance on the quadratic norms of the scalar Bethe wave functions.
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2.
The extended trigonometric Cherednik algebra 2.1. Notations. Let g be a complex finite dimensional reductive Lie algebra with g s := [g, g] simple. Write h = h s ⊕ Z(g) with h s a Cartan subalgebra of g s and with Z(g) the center of g.
Let (·, ·) s : h s × h s → C be the restriction of the Killing form of g s to h s × h s . Let R = R(g s , h s ) ⊂ h s be the set of roots of g s with respect to h s . It is a finite, reduced, irreducible crystallographic root system, with the ambient Euclidean space V s taken to be the real span of R and with scalar product the restriction of the bilinear form (·, ·) s to V s × V s . The root lattice Q (respectively the co-root lattice Q ∨ ) is the rational integral span of all the roots α ∈ R (respectively the co-roots α ∨ (α ∈ R)). These are lattices in h
We extend the scalar product (·, ·) s on V s to a scalar product (·, ·) on V such that V ′ ⊥ V s . Its complex bilinear extension to a bilinear form on h is also denoted by (·, ·). We use it to identify the linear dual h * with h. Set O(h) for the group of invertible complex linear endomorphisms of h preserving the bilinear form (·, ·).
Put h = h ⊕ Cc, h = h ⊕ Cc ⊕ Cd, and extend the form (·, ·) to a non-degenerate symmetric bilinear form on h by requiring
Write O( h) ⊂ GL( h) for the subgroup of invertible linear endomorphisms preserving the bilinear form (·, ·) on h. We identify O(h) with the subgroup
where v ∈ h and η, ξ ∈ C.
For a ∈ h such that (a, a) = 0 we set a ∨ := 2a/(a, a) ∈ h and
Note that s a ∈ O( h) is an involution. It fixes c if a ∈ h and also d if a ∈ h. Write W ⊂ O(h) for the Weyl group of R generated by s α (α ∈ R). The lattices Q and Q ∨ are W -invariant. Set R = R ⊕ Zc ⊆ h. It plays the role of the set of real roots of the untwisted affine Lie algebra associated to g s , cf. [25] . If we identify V = V ⊕ Rc with the linear functionals on V by interpreting v + ξc (v ∈ V , ξ ∈ R) as the affine linear functional mapping v ′ to (v, v ′ ) + ξ, then R is a reduced irreducible affine root system in the sense of Macdonald [30] .
The affine Weyl group W of R is defined to be the subgroup of O( h) generated by s a (a ∈ R). The affine Weyl group is contained in the subgroup of affine linear transformations of h since s α+mc = s α t mα ∨ , α ∈ R, m ∈ Z.
In particular W ≃ W ⋉ Q ∨ . Fix a choice of positive roots R + of R and let F = {a 1 , . . . , a n } be the associated set of simple roots. Let θ be the highest root in R + and set a 0 := −θ + c. Then F := {a 0 } ∪ F is a set of simple roots of R, i.e. every affine root a ∈ R can uniquely be written as a nonnegative or nonpositive rational integral combination of the a i 's. Denote R + and R − for the associated sets of positive and negative affine roots, respectively. The affine Weyl group W is a Coxeter group with Coxeter generators the simple reflections
We fix a lattice Y in V containing Q ∨ and satisfying (Y, Q) ⊆ Z. Note that Y is automatically W -invariant. The associated extended affine Weyl group is defined by W Y := W ⋉ Y . It contains the affine Weyl group W as a normal subgroup, and
The affine root system R ⊂ h and the level ξ hyperplanes
The group Ω permutes the simple affine roots.
The definition.
The trigonometric Cherednik algebra, also known as the degenerate double affine Hecke algebra, was defined in [5, Def. 1.1]. We use an extended version, defined as follows.
3) the following cross relations hold:
The subalgebra
, with the role of the symmetric algebra S( h) taken over by S( h).
Observe that c ∈ Z( H Y (k)). We define the extended trigonometric Cherednik algebra at level κ to be in connection to the root system analogs of the one dimensional quantum Bose gas with pairwise delta-function interactions was undertaken in [12] and [13] . In this context the quantum Hamiltonians of the quantum integrable system arise from the center Z(
which contains S(h)
W . In this paper we consider these structures away from critical level, replacing the role of H Y 0 (k) by the extended trigonometric Cherednik algebra H Y (k). Its center is described as follows.
where
is an (arbitrary choice of ) orthonormal basis of V with respect to (·, ·). Proof. Let {b j } m+2 j=1 be a basis of V and {b j } m+2 j=1 its dual basis with respect to ·, · . The Casimir element can alternatively be defined by
Considering S( h s ) and S(Z(g)) as W -module subalgebras of S( h), we conclude that
where the last equality follows from the fact that
Hence it remains to show that 
Set V = V ⊕ Rc and V := V ⊕ Rd. The bilinear form (·, ·) on h restricts to a real valued non-degenerate symmetric bilinear form on V . We also write V + := V ⊕ R >0 d and
Denote by C the collection of connected components of V + reg . The affine Weyl group W acts simply transitively on C. The convex polytope
is a connected component of V + reg which we call the fundamental chamber. Note that ω( C + ) = C + for all ω ∈ Ω.
M will always stand for a finite dimensional, complex, left W Y -module. Its representation map will be denoted by π M .
We define the complex vector space
where C ω ( V + ) is the space of complex valued, real analytic functions on V + . An element f = (f C ) C∈C ∈ F M should be thought of as a collection of real analytic M-valued functions f C on C ( C ∈ C) with the additional requirement that each f C admits a real analytic extension to V + . We define the support supp(f ) of f = (f C ) C∈C ∈ F M to be the collection of connected components C for which f C is nonzero. Note that
For v ∈ V we define the linear endomorphism ∂ v of F M as the componentwise directional derivative,
For a ∈ R + let χ a : V → {0, 1} be the characteristic function of the half-space H
We also write χ a for the linear endomorphism of
. If a ∈ R + then the following two statements are equivalent:
(which is a finite set of positive affine roots).
Proof. Both are easily seen to be equivalent to χ a ( C) = 1.
The lemma allows us to define linear operators
The following proposition extends the results from [13, §4.2].
Proposition 2.5. Let k : R → C be a multiplicity function.
(1) The extended trigonometric Cherednik algebra
uniquely define an algebra morphism π :
Proof. Repeating the arguments of the proof of [12, Thm. 4.1] gives that the operators Note that µ) . Its restriction to V + defines a complex valued, real analytic function on V + which we also will denote by e λ . We have
2.4. Integral-reflection operators. In this subsection we give a second representation of the extended trigonometric Cherednik algebra H Y (k), now in terms of integral-reflection operators. The results in this subsection build on constructions from [20, 23, 12, 13] .
For a ∈ R define an integral-reflection operator I(a) on
The following is a version of [13, Thm. 4.11] at unspecified level.
Theorem 2.7. Let M be a finite dimensional W Y -module. There exists a unique algebra homomorphism Q :
(2.8)
Using the complex linear antiinvolution The integral-reflection operators Q(w) (w ∈ W ) gives rise to a linear map
It is the unique linear map satisfying (T f ) C + = f and T • Q(w) = π(w) • T for all w ∈ W , cf. [13, Lemma 4.14]. In fact, in analogy with [13, Prop. 4 .15] we have Proposition 2.9. The linear map T : 
Generalized Bethe wave functions
In this section we construct generalized Bethe wave functions, being Q( W Y )-invariant eigenfunctions of the constant coefficient differential operator Q(C), as infinite series expansions of plane waves with explicit cocycle values as coefficients. The relevant cocycle of W Y arises from the normalized intertwiners of the trigonometric Cherednik algebra H Y (k). On the other hand, this cocycle can be used to define a consistent system of equations. These equations should be thought of as formal degenerations of Cherednik's [6] affine difference-elliptic quantum Knizhnik-Zamolodchikov equations. We show that the generalized Bethe wave functions satisfy this consistent system of equations as function of the momenta.
3.1. The cocycle. Let k : R → C be a W Y -invariant multiplicity function. Set
so that h κ,reg = h κ,reg + Cc + κd with 
and satisfying
The proof of the proposition uses the normalized intertwiners of the trigonometric Cherednik algebra, cf. [7] . 
. We call the set of equations Explicitly, the affine difference KZ equations (3.2) read They form a consistent system of difference equations naturally compatible to trigonometric KZ equations, see [38] .
3.2. Bethe wave functions at critical level. Before constructing generalized Bethe wave functions and their relation to the affine difference KZ equations, we first recall the related results at critical level from [13] . Let ξ > 0 and write
for the analog of the integral-reflection action Q (see [13, Thm. 4.11] ), defined by
where a ξ (v) = (α, v) + mξ and Da = α for a = α + mc and v ∈ V , and where the action
Here χ λ is the linear character of S(h) satisfying v → (λ, v) and p(∂) stands for the constant coefficient partial differential operator naturally associated to p ∈ S(h) by v → ∂ v (v ∈ V ). Then N λ is a #W -dimensional vector space containing e wλ (w ∈ W ). In particular the e wλ (w ∈ W ) form a basis of N λ if λ ∈ h reg := {λ ∈ h | (λ, α) = 0 ∀α ∈ R}.
Since S(h)
Define for v ∈ V and λ ∈ h 0,reg the Bethe wave function
Note that the J ty (λ) (y ∈ Y ) pairwise commute. The following result from [13, Thm. 5.10] relates the coordinate Bethe ansatz for vector valued root system analogs of the quantum Bose gas on the circle with pairwise delta-function interactions to the study of the space of 
where ∆ is the constant coefficient differential operator associated to C,
and ∆ is the Laplacean on V . If λ ∈ h κ then
The generalized Bethe wave functions will be Q( W Y )-invariant elements in the infinite dimensional vector space S M (γ, Γ), explicitly defined as a convergent series expansion in the e w λ (w ∈ W Y ) for some λ ∈ h γ (see (2.2)) satisfying ( λ, λ) = Γ. In addition we show that the role of the Bethe ansatz equations is taken over by the affine difference KnizhnikZamolodchikov equations.
If M is a finite dimensional W Y -module then we regard End
converge in End C (M) and satisfy
Proof. We first consider the convergence of the series, for which we use 
where · M is the norm on M turning M into a unitary W Y -module.
Then the estimate (3.7) is easily seen to be correct for w ∈ W Y with
Note that D is well defined since k attains only finitely many values. The estimate (3.7) for arbitrary w ∈ W Y holds true with the same positive constant D. This follows by induction to l(w) using the cocycle property of J w ( λ). + . We continue now with the proof of (1)- (3). (1) is immediate from the cocycle property of
Now use that for
Since λ ∈ h + reg , the explicit expression of the cocycle value J sa (w λ) allows us to write
Substituting in (3.10) and using the cocycle condition we get
In the first sum replace the summation variable w by s a w. It follows that Q(s a )E
Similarly one establishes E
We call E + M (·, λ) ∈ S End C (M ) (κ, ( λ, λ)) for λ ∈ h κ,reg (κ ∈ C + ) the generalized Bethe wave functions of level κ. 
uniformly for v in compacta of V . Note that v → ψ λ (v) coincides with the Bethe wave function of the vector valued root system analog of the quantum Bose gas on the line with pairwise delta-function interactions, cf., e.g., [23] , [13] and references therein. The fundamental property of ψ λ ∈ C ω (V ) ⊗ C End C (M) is the fact that it is a Q(W )-invariant real analytic solution to the differential equations p(∂)f = p(λ)f for all p ∈ S(h) W , where Q is the W -action on C ω (V ) ⊗ C End C (M) given by integral-reflection operators, cf. [23, 12, 13] . 
We regard E St and E + St as scalar valued functions. Assume for simplicity that (Y, P ) ⊆ Z, where P is the weight lattice of R. Then l(t y ) is even for all y ∈ Y (indeed, by W -invariance it suffices to prove it when (y, α) ≥ 0 for all α ∈ R, in which case l(t y ) = 2(ρ, y) with ρ ∈ P the half sum of positive roots by (3.8)). Then if v = v + uc + ξd ∈ V ξ (ξ > 0) and λ = λ + ηc + κd ∈ h κ,reg (κ ∈ C + ). This is essentially a classical theta function (cf. [25, Chpt. 13] and references therein). Furthermore, 
The cocycle values are explicitly given by
In particular, if k α+mc = k α for all α ∈ R and m ∈ Z (this is automatically true if P ∨ ⊆ Y , with P ∨ the coweight lattice of R) then
where λ = λ + ηc + κd and κ ∨ α := 2κ/(α, α). We present now a straightforward generalization of some of the statements of Theorem 3.
Corollary 3.12. Let M be a finite dimensional unitarizable W Y -module and take
and for all a ∈ R,
This suggests that if E + M (v+ξd, λ(t)) converges as t ↓ 0, then it converges to the Bethe wave function ψ λ (v) associated to the vector valued root system analog of the quantum Bose gas on the circle with pairwise delta-function interactions. More concretely we expect that for v ∈ V ξ and for (λ, m) ∈ h 0,reg ×M satisfying the Bethe ansatz equations J ty (λ)m = e ξ(λ,y) m for all y ∈ Y , a renormalization of E M ( v, λ)m converges to e ξ(λ,v) m when λ tends to λ along specific paths.
Here we will only consider the simplest case that M = St. For the sake of simplicity we assume that (Y, P ) ⊆ Z (cf. Example 3.10). Note that the k-dependence drops out for M = St (it relates to the limit k → ∞ of the theory for the trivial representation M = Triv, cf. [12, §3] ). The J ty ( λ) (y ∈ Y ) act trivially on St. Hence the Bethe ansatz equations simplify to the requirement that λ ∈ h reg satisfies e ξ(λ,y) = 1 ∀y ∈ Y.
Equivalently λ ∈ 2π √ −1 ξ X reg , where X reg = X ∩ h reg and X ⊂ V is the lattice dual to Y with respect to (·, ·).
hence for all y ∈ Y , which converges to e (λ,v) as κ → 0. In particular, for v = v+ηc+ξd ∈ V ξ and λ ∈ 2π √ −1 ξ
in accordance to [12, Prop. 3.3 ].
Time dependent Schrödinger equations with delta potentials
In this section we construct the nonstationary Schrödinger equation with delta potentials and its solutions. We first need to describe the image of the propagation operator T in more detail.
and if u ∈ V , regarded as an element in S( h) of degree one, then By W Y -equivariance of T and (2.6), it suffices to prove (4.1) for w = 1.
Applying the representation map Q, acting on g and evaluating at v we get
. Acting on both sides by π M (s a ) we get
Since f C + = g and f sa C + = π M (s a )( Q(s a )g)(s a ·), we get the desired identity
represented by a continuous function on V + , which we will also denote by f † . It is explicitly given by f Substituting the definition of ∆ and applying repeatedly the divergence theorem one obtains
where N C : ∂ C → V is the unit outward normal vector field on the boundary ∂ C of C. We simplify now the boundary terms. Write
(a, C)⊆R >0
The contribution of the integral over C = w C + (w ∈ W ) will be zero unless a ∈ w F , in which case N C ( v) = − in the weak sense. These observations should be compared to the analysis at the trigonometric level in [10, §5] .
